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(i) Answer all questions. (i) R|a, b] := Riemann integrable functions on [a, b].

Q1. (10 marks) Give an example of a bounded function on [a, b], @ < b, which is not Riemann

integrable.
Q2. (15 marks) Let f : [a,b] — R be a bounded function and

/abf>0.

Prove that there exists an interval I C [a, b] such that f > 0 on I.

Q3. (15 marks) Let f € Rla,b]. Prove that |f| € R[a,b] and

\[ﬂsfm-

Q4. (10 marks) Let f € Rla,b]. Prove that for
Fa)= [ 1 @elab),

there is M > 0 such that
|[F(x) = F(y)| < M|z —y|  (z,y € [a,0]).

Q5. (10 marks) Suppose that (X, d) is a metric space and {S, }aea is a collection of subsets
of X. Prove that

UaS_a - UaSa = UaSa-

Q0. (15 marks) Prove or disprove the following:
(i) A discrete metric space is complete.
(ii) An infinite subset of a metric space has a limit point.
(iii) A non-empty complete metric space without isolated points is uncountable.

Q7. (15 marks) Prove that B[0,1] (with uniform metric) is not separable.

Q8. (10 marks) Prove that if {z,} and {y,} are Cauchy sequences in (X, d), then {d(x,,y,)}

is a convergent sequence.

Q9. (15 marks) Prove that a closed interval cannot be expressed as the union of a countable

family of disjoint nonempty closed sets.



